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1.  Introduction 
 
Let  U  be the class of bounded functions  

            ( ) ∑
∞

=
=

1k
kzkczw             (1.1) 

which are regular in E  and satisfying the conditions 0)0( =w  and ( ) .1<zw  

It is well known [6] that 11 ≤c ,  .
2

112 cc −≤  

Let  A  denote the class of functions  

                       ( ) ∑
∞

=
+=

2k
kzkazzf  regular in E.                                        (1.2) 

Let ( )β∗S  be the class of starlike functions of order β of  the form (1.2) and with 
the condition  

                     
( )
( ) β>
′

⎭
⎬
⎫

⎩
⎨
⎧

zf

zfz
Re , for some  10 <≤ β ,  .Ez ∈                       (1.3) 

( )βK  is the class of convex functions of order β  of the form (1.2) with the condition                                                      
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( )
( ) β>
′

′′
+

⎭
⎬
⎫

⎩
⎨
⎧

zf

zfz
1Re , 10 <≤ β , .Ez ∈                               (1.4) 

  

Obviously ( ) SS ≡∗ 0  and ( ) .0 KK ≡  

The classes ( )β∗S  and ( )βK  were introduced by Robertson[7]. 

A function ( ) Azf ∈  is called α - convex function of order β ( 10 <≤ β ) if it satisfies 
the following conditions 

(i) 
( ) ( )

0
.

≠
′

z

zfzf
,  .Ez ∈  

(ii) ( ) βα >fJ ;Re  where  

       ( ) ( ) ( )
( )

( )
( ) ⎟⎟⎠

⎞
⎜⎜
⎝

⎛
′

′′
++

′
−=

zf

zfz

zf

zfz
fJ 11; ααα , Ez ∈ ,α any real number.               (1.5) 

The class of α -convex functions of order β  is denoted by ( )βα ,M . 

Clearly ( ) ( )αα MM ≡0, , the class introduced by Mocanu[5].  
It is known [4] that all α -convex functions are α -starlike in E.  
A function ( )zf  is said to be subordinate to function ( )zg ,if there exists a function 

( ) Uzw ∈ such that ( ) ( )( )zwgzf =  and we write as ( ) ( )zgzf p . 

Let ( )δα ;,; BAM  be the class of functions ( ) Azf ∈  and with the conditions  

(i)      
( ) ( )

0
.

≠
′

z

zfzf
            and      for 0≥α  

(ii)  ( ) ( )
( )

( )
( )

δ
αα ⎟

⎠
⎞

⎜
⎝
⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

+

′

′′
++

′
−

Bz

Az

zf

zfz

zf

zfz

1

1
11 p , 11 ≤<≤− AB , 10 ≤< δ . 

By pA , we denote the class of functions  

          ( ) ∑
∞

=
+

++=
1k

kpzkpapzzf (p is a positive integer) regular in E .                 (1.6)  

If ( ) ∑
∞

=
+

++=
1k

kpzkpapzzf  and ( ) ∑
∞

=
+

++=
1k

kpzkpbpzzg are in pA , then  

convolution  or Hadamard product of ( )zf  and ( )zg  is denoted by  gf ∗  and defined 
as  

                      ( )( ) ∑
∞

=
+

+++=∗
1k

kpzkpbkpapzzgf . 

Let ( )δα ;,;, BApnT  be the class of functions ( ) pAzf ∈  and satisfying the  conditions  

                          
( ) ( )

012
.

≠−
′

pz

zfzf
                       and  
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     ( ) ( )
( )( )
( )

( )( )
( )

δ
ααα ⎟

⎠
⎞

⎜
⎝
⎛

+

+
′

+
−

′
−−=

Bz

Az
p

zfp
nD

zfp
nDz

zfp
nD

zfp
nDz

fpnJ
1

1

1

11;, p ,          (1.7) 

 
 
where  n is any integer  greater than –p, 11 ≤<≤− AB ,    10 ≤< δ ,  ,0≥α  

                                              ( )
( )

( ).
11 zfpnz

pz
zfp

nD ∗+
−

=−  

∗  stands for convolution of functions.  
By  ( )δ;, BAS∗ ,we denote the class of functions ( ) Azf ∈  regular in E with the 
condition  

                                  
( )
( )

δ
⎟
⎠
⎞

⎜
⎝
⎛

+

+′

Bz

Az

zf

zfz

1

1
p , 11 ≤<≤− AB , 10 ≤< δ .                   (1.8) 

Obviously  ( ) ≡∗ 1;, BAS ( )BAS ,∗ ,which  is a subclass of starlike functions                                                
studied by Goel and Mehrok  [1] .  
Let  ( )δ;, BAK  be the class of functions  ( ) Azf ∈  and satisfying the condition  

                   
( )
( )

δ
⎟
⎠
⎞

⎜
⎝
⎛

+

+

′

′′
+

Bz

Az

zf

zfz

1

1
1 p , 11 ≤<≤− AB , 10 ≤< δ  (1.9)               

Clearly  ( ) ( )BAKBAK ,1;, ≡   , which  is a subclass of Convex functions studied by               
Goel and Mehrok [1]. 
                 
We have the following observations: 
                 (i)     ( ) ( )δαδα ;,;;,;1,0 BAMBAT ≡ . 

                 (ii)    ( ) ( )BAMBAT ,;1;,;1,0 αα ≡ . 

                 (iii)    ( ) ( )δδ ;,;,;01,0 BASBAT ∗≡ . 

                 (iv)    ( ) ∗≡− ST 1;1,1;01,0 . 

                 (v)     ( ) ( )ββ ∗≡−− ST 1;1,21;01,0 . 

                 (vi)    ( ) ( )δδ ;,;,;11,0 BAKBAT ≡ . 

                 (vii)    ( ) KT ≡− 1;1,1;11,0 . 

In this paper, we obtain sharp bounds of 2
12 +−+ papa μ  for the class  

( )δα ;,;, BApnT . 

Results due to Keogh and Merkes [3], Szynal [8] and Goel and Mehrok [2] follows as 
special cases from our theorem.  
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2.  Main Result       
Theorem 2.1  If      ( )δα ;,;, BApnTf ∈ ,  then 

                 (i)    for   μ  complex  , 

                      2
12 +−+ papa μ

( )
( )( )

( )
( )⎪

⎪
⎩

⎪
⎪
⎨

⎧

≥−−
++

−

≤−
++++

−

≤

γμλμλ
α

δ

γμλ
α

δ

;2

222

;
21

pn

BAp

pnpn

BAp

                  (2.1)                                                 

                 (ii)   for  μ   real  , 
                                                                                 

2
12 ++ − pp aa μ

( )
( )

( )

( )
( )( )

( )
( )

( )
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

+≥−
++

−

+≤≤−
++++

−

−≤−
++

−

≤

γλμλμ
α

δ

γλμγλ
α

δ

γλμμλ
α

δ

;2

222

;
21

;2

222

pn

BAp

pnpn

BAp

pn

BAp

             (2.2)

  
 
where   

    

( ) ( ) ( )[ ] ( ) ( ) ( )

( )( )( )αδ

δ
ααδ

λ
21

22
21222

++++−

+
−

−
+++++++−

=
⎥⎦
⎤

⎢⎣
⎡

pnpnBAp

BABA
pnpnpnBAp

         (2.3) 

                   and 
( )

( )( )( )αδ

α
γ

21

2

++++−

++
=

pnpnBAp

pn
.                                  (2.4) 

 
Proof.   As  ( )δα ;,;, BApnTf ∈ , therefore 

                  ( ) ( )
( )( )
( )

( )( )
( )

δ
ααα ⎟

⎠
⎞

⎜
⎝
⎛

+

+
′

+
−

′
−−=

Bz

Az
p

zfp
nD

zfp
nDz

zfp
nD

zfp
nDz

fpnJ
1

1

1

11;, p . 

By definition of subordination, 

( )
( )( )
( )

( )( )
( )

( )
( )

δ
αα ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

+
=

′

+
−

′
−−

zBw

zAw
p

zfp
nD

zfp
nDz

zfp
nD

zfp
nDz

1

1

1

11 ,where ( ) Uzw ∈ .           (2.5) 

An easy calculation shows that 
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( )( )
( )

( ) ( ) ( ) ( )[ ] 22
1211

1

1 zpapnpapnpnzpapnp
zfp

nD

zfp
nDz

++−++++++++=
−

′
− +…..  (2.6) 

 
Replacing n by n+1 in (2.6) ,we have 
             

( )( )
( )

( ) ( ) ( ) ( )[ ] 22
1122111 zpapnpapnpnzpapnp

zfp
nD

zfp
nDz

+++−++++++++++=

′

+….. (2.7)          

 
Using (2,6) and (2.7) , (2.5)  becomes 
        

( ) ( )( ) ( ) ( ){ } ......22
1]1222[2211 ++++++−++++++++++ zpapnpnpapnpnzpapnp ααα

 

    = ( ) ( )( ) ( ) ( ) .......22
1

2
2

12
121 +−

−
+−−+−+ ⎥⎦

⎤
⎢⎣
⎡ zcBA

p
BccBApzcBApp

δδ
δδ    (2.8) 

On equating coefficients in (2.8) , we get  

                                  
( )

( ) 11 c
pn

BAp
pa

α

δ

++

−
=+                                                              (2.9)                        

                                       and 

( )( ) ( ) ( ) ( ) ( )[ ] ( )
( )

( )( )α
α

δ
α

δδ
δ

21

2

2
1

222
12222

1
2

2

12
12

2 ++++

++

−
+++++−

−
+−−

=+ pnpn

pn

cBAp
pnpncBA

p
BccBAp

pa     (2.10) 

            
                  
From (2.9)  and  (2.10) ,we have   

   =+−+
2

12 papa μ  
( )

( )( ) 221
c

pnpn

BAp

α

δ

++++

−
   

                              

       
( )

( )

( ) ( ) ( )[ ] ( ) ( ) ( )

( )( )( )
2
121

22
21222

2

222
c

pnpnBAp

BABA
pnpnpnBAp

pn

BAp

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧
⎥⎦
⎤

⎢⎣
⎡

−
++++−

+
−

−
+++++++−

++

−
+ μ

αδ

δ
ααδ

α

δ
.                                

 So 2
12 +−+ papa μ

( )
( )( )

( )
( )

2
12

222

221
c

pn

BAp
c

pnpn

BAp
μλ

α

δ

α

δ
−

++

−
+

++++

−
≤ .              (2.11) 



Mehrok, Gupta, and Singh 

 

48 

48

By using   
2

112 cc −≤ ,   (2.11) becomes 

 2
12 +−+ papa μ

( )
( )( )

( )
( )

[ ]γμλ
α

δ

α

δ
−−

++

−
+

++++

−
≤ 2

222

21 pn

BAp

pnpn

BAp 2
1c .      (2.12)             

If γμλ ≤− , then from (2.12)   

                           2
12 +−+ papa μ

( )
( )( )α

δ

21 ++++

−
≤

pnpn

BAp
. 

If      γμλ ≥−  , then again from (2.12) 

         2
12 +−+ papa μ

( )
( )

μλ
α

δ
−

++

−
≤ 2

222

pn

BAp
. 

Now we discuss the case when μ  is real . 
 
Case I.          for λμ ≤ , from  (2.12) 

  2
12 +−+ papa μ

( )
( )( )

( )
( )

( )[ ]μγλ
α

δ

α

δ
−−

++

−
+

++++

−
≤ 2

222

21 pn

BAp

pnpn

BAp 2
1c .       (2.13) 

If   γλμ −≤ , then  (2.13)  becomes 

         2
12 +−+ papa μ

( )
( )

( )μλ
α

δ
−

++

−
≤ 2

222

pn

BAp
. 

If    λμγλ ≤≤− , from (2.13) 

          2
12 +−+ papa μ

( )
( )( )α

δ

21 ++++

−
≤

pnpn

BAp
.                       

 
Case II.  for λμ ≥ , from  (2.12) 

      2
12 +−+ papa μ

( )
( )( )

( )
( )

( )[ ]γλμ
α

δ

α

δ
+−

++

−
+

++++

−
≤ 2

222

21 pn

BAp

pnpn

BAp 2
1c .   (2.14)                

If   γλμ +≤ , then from (2.14)  

            2
12 +−+ papa μ

( )
( )( )α

δ

21 ++++

−
≤

pnpn

BAp
. 

If   γλμ +≥ , from  (2.14) 

                 2
12 +−+ papa μ

( )
( )

( )λμ
α

δ
−

++

−
≤ 2

222

pn

BAp
. 

 
On putting  0=n , 1=p , 0=α  in the above theorem , we have the following: 
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Cor 2.1    If   ( )δ;, BASf ∗∈  , then 
(i)  for  μ  complex , 

                                     2
23 aa μ−

( )

( )⎪
⎩

⎪
⎨

⎧

≥−−−

≤−
−

≤

11;1
22

11;
2

γμλμλδ

γμλ
δ

BA

BA

     

(ii)   for   μ  real , 

                           2
23 aa μ−

( ) ( )
( )

( ) ( )⎪
⎪

⎩

⎪
⎪

⎨

⎧

+≥−−

+≤≤−
−

−≤−−

≤

11;1
22

1111;
2

11;1
22

γλμλμδ

γλμγλ
δ

γλμμλδ

BA

BA

BA

         

where   
( )( )

( )BA

BBA

−

−−−
=

δ

δ
λ

4

213
1      and       ( )BA −

=
δ

γ
2

1
1  . 

If we put   0=n  , 1=p ,  1=α  in theorem (2.1) , we get the following result: 
 
Cor 2.2    If  ( )δ;, BAKf ∈  , then   

(i)  for   μ  complex  , 

                      2
23 aa μ−

( )

( )
⎪
⎪
⎩

⎪⎪
⎨

⎧

≥−−
−

≤−
−

≤

22;24

22

22;
6

γμλμλ
δ

γμλ
δ

BA

BA

 

        
 

(ii)  for   μ  real  , 

                      2
23 aa μ−

( ) ( )
( )

( ) ( )⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

+≥−
−

+≤≤−
−

−≤−
−

≤

22;24

22

2222;
6

22;24

22

γλμλμ
δ

γλμγλ
δ

γλμμλ
δ

BA

BA

BA

 

where   
( )( )

( )BA

BBA

−

−−−
=

δ

δ
λ

3

213
2    and    ( )BA −

=
δ

γ
3

2
2 . 
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By putting  0=n , 1=p  , 0=α  , 1=A  , 1−=B  , 1=δ  in theorem (2.1) , we 
have      the following result due to  Keogh and Merkes [3] . 
 
Cor  2.3       If    ∗∈ Sf  , then  

                                     2
23 aa μ− { }34,1max −≤ μ . 

For    0=n , 1=p , 1=α , 1=A  , 1−=B  , 1=δ  , the following result is obvious: 
 
Cor  2.4        If   Kf ∈  , then 

        2
23 aa μ−

⎭
⎬
⎫

⎩
⎨
⎧

−≤ μ1,
3

1
max  , which is also a result due to Keogh and Merkes 

[3]. 
 
If we take 0=n , 1=p , β21−=A  , 1−=B , 1=δ  in the theorem (2.1) , we obtain 
the following result due to Szynal [8]. 
 
Cor  2.5     For  ( )β∗∈ Sf ,  we have 

        2
23 aa μ−

( )( ) ( ) ( )( )
( ) ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+

−++−−++−

+

−
≤ 21

671142114
,1max

21

1

α

βααβαβμ

α

β
. 

If we put   0=n  , 1=p  in theorem (2.1) , we get the following result: 
 
Cor  2.6   If   ( )δα ;,; BAMf ∈  ,then  
           (i) for   μ  complex , 

                                   2
23 aa μ−

( )
( )
( )
( )⎪

⎪
⎩

⎪
⎪
⎨

⎧

≥−−
+

−

≤−
+

−

≤

33;321

22

33;
212

γμλμλ
α

δ

γμλ
α

δ

BA

BA

     

 
          (ii) for   μ   real , 
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                                   2
23 aa μ−

( )
( )

( )

( )
( )
( )
( )

( )
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

+≥−
+

−

+≤≤−
+

−

−≤−
+

−

≤

33;321

22

3333;
212

33;321

22

γλμλμ
α

δ

γλμγλ
α

δ

γλμμλ
α

δ

BA

BA

BA

   

 

where
( )[ ] ( ) ( ) ( )

( )( )αδ

δ
ααδ

λ
212

22
2131

3 +−

+
−

−
+++−

=
⎥⎦
⎤

⎢⎣
⎡

BA

BABA
BA

  and  
( )

( )( )αδ

α
γ

212

21
3 +−

+
=

BA
 .          

 
 
 
Putting   0=n  , 1=p , 1=δ  in theorem (2.1) , we have 
 
Cor  2.7     If   ( )BAMf ,;α∈  , then  
            (i)     for    μ   complex , 

                                          2
23 aa μ−

( )
( )
( )
( )⎪

⎪
⎩

⎪
⎪
⎨

⎧

≥−−
+

−

≤−
+

−

≤

44;421

2

44;
212

γμλμλ
α

γμλ
α

BA

BA

 

           (ii)     for  μ  real , 

                                          2
23 aa μ−

( )
( )

( )

( )
( )
( )
( )

( )
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

+≥−
+

−

+≤≤−
+

−

−≤−
+

−

≤

44;421

2

4444;
212

44;421

2

γλμλμ
α

γλμγλ
α

γλμμλ
α

BA

BA

BA

 

where 
( )[ ] ( )

( )( )α
αα

λ
212

2131
4 +−

+−+−
=

BA

BBA
  and    

( )
( )( )α

α
γ

212

21
4 +−

+
=

BA
. 

These results were due to Goel and Mehrok [2]. 
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