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1. Introduction
Let U be the class of bounded functions
()= ¥ ¢ 2 (L)
W\Z)= C,Z .
K=1 K
which are regular in E and satisfying the conditions w(0) =0 and |w(z)| <1.

2
It is well known [6] that ‘cl‘ <1, ‘CZ‘ <1- ‘cl‘ .
Let A denote the class of functions
f(z) =7+ kZZ ay z regular in E. (1.2)

Let S™ (/3) be the class of starlike functions of order g of the form (1.2) and with
the condition

{zf’(z)}
Res——=> p,forsome 0< B <1, zeE. (1.3)

f2)

K(,B) is the class of convex functions of order g of the form (1.2) with the condition
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zf ”(z)
Re 1+m >p,0<p<1l,zeE. (14)
\z

Obviously $*(0)='S and K(0) =K.
The classes S (ﬁ) and K(ﬂ) were introduced by Robertson[7].

A function f(z) € A is called « - convex function of order B (0 < g <1) if it satisfies
the following conditions

(i) Mio, zeE.
z

(i) ReJ(a; f)> S where

J(a; f): (1— a) Z: ((ZZ)) + a(1+ Z:,"—((ZZ))) ,Z € E, a any real number. (1.5)

The class of & -convex functions of order /3 is denoted by M (a, ﬁ).

Clearly M (a,O) =M (a), the class introduced by Mocanu[5].

It is known [4] that all « -convex functions are « -starlike in E.

A function f(z) is said to be subordinate to function g(z),if there exists a function
W(z) € U such that f(z) = g(w(z)) and we write as f(z) < g(z).

Let M (a; A, B; 5) be the class of functions f(z) € A and with the conditions

f(z).f’(z) .0

() and fora>0
z
1)
N zf ’(z) zf ”(z) 1+ Az
(ii) (l—a) +all+ < ,-1<B<A<1,0<0<1.
f(z) f'(z) 1+Bz
By Ap , we denote the class of functions
N p+k , . L .
f(z) =z + kElaerkz (p is a positive integer) regular in E . (1.6)
e} o0
If f(z)=2p+2a bk and g(z):zp+ > b p+kare inAp, then

10 Pk E1 Pk’

convolution or Hadamard product of f(z) and g(z) is denoted by f =g and defined
as
P, p+k
(f * g)(z): 2"+ ké1ap+kbp+kz
Let Tp p (a; A, B; 5) be the class of functions f(z) € Ap and satisfying the conditions

f(z).f'(z) 20

and
, 2p-1
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\z(an_lf(Z))' (0P 1(2)) <p(1+AZj5, 17)

J f)=\1-
n,p(a )=l-e) an_lf(z) anf(z) 1+ Bz

where nis any integer greaterthan—-p, —-1<B<A<1l, 0<d<l, a20,
p
p z
Dn_lf(Z)Zw* f(Z)

(1— z
* stands for convolution of functions.
By S*(A,B;cS) ,we denote the class of functions f(z)e A regular in E with the
condition

)
zf ’(z) 1+ Az
< ,—1<B<A<1,0<5<1. (1.8)
f(z) 1+Bz
Obviously S*(A, B;1) = S*(A, B) ,which is a subclass of starlike functions
studied by Goel and Mehrok [1] .
Let K(A, B; 5) be the class of functions f(z) € A and satisfying the condition

zf "(z) 1+ Az 0

+ < ,—1<B<A<1,0<6<1 (1.9

f ’(z) 1+ Bz
Clearly K(A, B;l) = K(A, B) , Which is a subclass of Convex functions studied by
Goel and Mehrok [1].

We have the following observations:
() Toq(eiAB;6)=M(a;AB;5).

(i) Top(eiABL)=M(a:AB).
(i) To;(0:AB;5)=5"(AB;0).
(iv) TO’l(O;l,—l;l) =s*.
v) Toll(O;l— 28,-11)=5"(8).
Vi) To1(LAB;8)=K(AB;S).
(vii)  Tgq(L1-11)=K.
In this paper, we obtain sharp bounds of ‘ap+2—ya%+l‘ for the class

Tnpla: A B; ).

Results due to Keogh and Merkes [3], Szynal [8] and Goel and Mehrok [2] follows as
special cases from our theorem.

45



46 Mehrok, Gupta, and Singh

2. Main Result
Theorem 2.1 If  f e Ty (i A B; ), then

(i) for u complex ,

ps(A-B) s
2 (n+p+1)n+p+2a)
‘ap+2—/¢ap+l‘g p252(A—B)2 2.1)
- uzy
(n+ p+a)
(i) for u real ,
2.2 2
B:iié:ﬁl4ﬂ_#)#gﬂ_y
(n+ p+a)
2 p5(A—B)
B - A-ysusi 2.2
e T HBpa] < (h+p+1)n+p+2a) yEpsAty 22)
2.2 2
AL R Y
(n+ p+a)
where
po{A-B)(n+p)° +al(2n+2p+1)]+(n+ p+a)2[5(A2_ B)_(A; B)}
- 2.3
pﬁ(A—B)(n+ p+1)(n+ p+2a) (2.3)
2
" " oo (2.4)

p5(A— B)(n +p +1)(n +p+ Za) '

Proof. As feTn,p(a;A,B;ﬁ),therefore

Z(an_ f(Z)), z(Dr?f(z))’ A
Inple1)=(1-a) an_if(z) o <pcgj |

By definition of subordination,
D p f , p ' o

(1— a) Z( To_l (Z)) +a Z(Drg) f(z)) = (“ AW(Z)J ,where w(z)e u. (2.5)
Dn_lf(z) D f(z) 1+ Bwlz

An easy calculation shows that
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Replacing n by n+1 in (2.6) ,we have

o2 1(2)

Drﬁ)f(z) = p+(n+ p+1)ap+1z+(n+ p+1)[(n+ p+2)a|OJr2 —(n+ p+1)a§+1]z2+ ,,,,, (2.7)

Using (2,6) and (2.7) , (2.5) becomes

p+(n+ p+a)ap+1z+{(n+ p+1)(n+ p+20:)a1er2 —[(n+ p)2 +a(2n+2p+1)]a%+1}22 +ons

=p+ p6(A— B)clz +[p5(A— B)(02 - Bclz)+ p5(5—1) (A— B)2 ciz:lzz + e (2.8)

On equating coefficients in (2.8) , we get

ps(A-B)
= 2.9
1 0 pra) @9
and
262 22
5-1 p°s°(A-B
p(S(A—B)(CZ—Brf)+pé(Z)(A—B)chz+(n+p)2+o(21+2p+l)();1
. n+p+a) (2.10)
pr2 (n+p+1)(n+p+2a)
From (2.9) and (2.10) ,we have
a el ps(A-B) .
p+2 p+l (n+ p+1)(n+ p+2a) 2
I e s +(n+p+a)2{é(A2‘B)_(A;B)L 2
(n+p+a)2 pé(A—B)(n+p+1)(n+p+2a) '
2 ps(A-B) p25%(A-B)’ 2
Soja,,» — 1A < Cohl+ A—glcy]. (2.11)
‘ p+2 p+l‘ (n+p+1)(n+p+2a)| 2| (n+p+a)2 | 'ul‘l‘
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By using ‘02‘ < 1—‘01‘2 , (2.11) becomes

po(A-B) p25%(A-B)
n+p+1)(n+p+2a) (n+p+a)2
If |/1 - ,u| <y, then from (2.12)

2
‘ap+2 _/ﬁgz)+1‘ < ( U/i—,u| _7] ‘cl‘ ' (212)

ps(A-B)
n+ p+l)(n+ p+2a)'

2
‘ap+2 _'”ap+1‘ < (

If |/1—y| >y , then again from (2.12)
2.2 2

2 p“6“(A-B
‘ap+2 _'”ap+1‘ S(—2)|’1_/‘|'

(n+ p+a)

Now we discuss the case when g is real .

Case I. for 4 < 4, from (2.12)

ps(A-B) . p25%(A- 8)2 [(2=7)- 4] Hz (2.13)

<
(n+ p+1)(n+ p+2a) (n+ p+a)2
If u<A-y,then (2.13) becomes

2
‘ap+2 _'“ap+1

2.2 2
5 p°s°(A-B)
a, o — /@ ‘S—(ﬂ—y).
o2 s (n+p+a)
If A—y<u<i,from(2.13)
ps(A-B)

2
‘ap+2 “pi : (n+ p+1)(n+ p+2a)'

Case ll. for 4 > A, from (2.12)
2.2 2
S|A-B 5°|A-B
‘amz“ﬂmzmjs e L, 2)
(n+p+1)(n+p+2a) (n+p+a)
If u<A4+y,thenfrom (2.14)

I’ (214

[~ (2+7)][e,

ps(A-B)
(n+ p+1)(n+ p+2a)'

2
ap+2 _”ap+1 <

If u>A+y,from (2.14)
2.2 2
0" (A-B

L GhL) WYY
(h+p+a)

2
ap+2 - “ap+1

Onputting n=0, p =1, a =0 in the above theorem , we have the following:
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Cor21 If fe S*(A,B;5) , then
(i) for u complex,

(if)y for u real,
og - 102 <
where 4 - (A-B)35-1)-2B
45(A-B)

Ifweput n=0, p=1,

Cor22 If feK(AB;S),then
(i) for u complex ,

@;‘ﬂq_—u‘ <n

5% (A=) |ty ~alay 2 7y

52 (A8 (1 ~uhu<iy -7

s(A-B)
, M TsHsA T

6% (A-8) (u-huz 4y + 1y
1
“25(A-B)

and n

a =1 intheorem (2.1) , we get the following result:

s(A-B)
, 5 ;‘/12—ﬂ‘é72
‘a3—,ua2‘s 52(A-B)?
LG P
(if) for u real ,
2 2
@(’12‘#)#5%‘72
s(A-B
‘a3—,ua§‘£ ( );/12—}/2 S,uS/12+}/2
2 2
@(ﬂ—ﬂz)ﬂbiz”z
where ﬂzz(A_B)(w_l)_ZB and 7/2:#.
35(A-B) 35(A-B)
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By putting n=0, p=1, =0, A=1, B=-1, §=1 in theorem (2.1) , we
have  the following result due to Keogh and Merkes [3] .

Cor 23 If feS™ then

< max{l, |4,u - 3|}

2
For n=0,p=1,a=1, A=1,B=-1, =1, the following result is obvious:

Cor 2.4 If feK ,then

1
‘a3 —,ua%‘ < max{§,|l—,u|} , which is also a result due to Keogh and Merkes

[3].
If wetake n=0, p=1, A=1-28, B=-1, 6 =1 in the theorem (2.1) , we obtain
the following result due to Szynal [8].
Cor 25 For f e S*(ﬂ), we have
1- B l4u(1- p)1+2a)+ 41~ g)-(1+a)7+a-6p)
maxy 1,
+

1+2a (1+ a)2
Ifweput n=0, p=1intheorem (2.1), we get the following result:

2

Cor 26 If feM(a;A B;5) then
(i) for u complex,

s(A-B)
‘a3_“a2 1 52(a-B)? _
s |2 a2 - 2 7
(ii) for u real,
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2 2
5°(A-B)
Ag—ufu<ig—y
(1+a)2 ( 3 ) 3 3
‘as—yag‘ < 5(A_B) /13—}/3 S,usﬂs +73
2(1+22)
2 2
5°(A-B
( 2) (ﬂ—ﬂs)ﬂ>/13+73
(1+a)
& A-BJ[1+30] +(1+ a)z[é(A_B) (A B)} (s a)2
Where,13: 2 2 and yg5 =

25 A-B)1+20)

Putting n=0, p=1, 6 =1 intheorem (2.1) , we have

Cor 27 If feM(a;AB),then
(i) for u complex,

(A-8B)
21+ 201)"14 ~ul<7
2
R I
Lra) g~ il 1] 2 74
(i) for u real,
2
A-B
((1+ ))2 (/14‘#‘)#“4‘74
[24
2 (A-B) .
‘ag —,uaz‘ < 2(1+2a)’/14 ~74 S,uS/I4 +74
2
A-B
((1 ))2 (=24 buz24+7,
+a
2 2
here /14:(A—B)[1+3a]—8(1+a) and g - (1+a) |
2(A-B)1+2a) 2(A-B)1+2a)

These results were due to Goel and Mehrok [2].

25(A-B)1+2a)
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