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Essential spectrum of the operators
generated by PDE systems of stratified
fluidsand Lp-estimates for the solutions
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Carrera 1Este No. 18210, Bogota — Colombia, South America

Abstract

We establish the localization and the structure of the spectrum of normal vibrations
described by systems of partial differential equations modelling small displacements of
stratified fluid in the homogeneous gravity field. We also compare the spectral
properties of gravitational and rotational operators. The similarity of the essential
spectrum for stratified and rotational flows corresponds to the analogy in the
propagation of gravitational and Coriolis waves in viscous fluids, whose consideration
includes the study of qualitative properties of the solutions, such as existence,
uniqueness, smoothness, asymptotics, etc. We also obtain a solution of the Cauchy
problem for a system of an exponentialy stratified fluid in the gravity field in the form of
singular integrals, taken in the Cauchy principal value sense, when singularities are
removed by a ball, that is, isotropically. If the initial data have a specified smoothness,
the solution is written in the form of integrals with weak singularities of the kernels. Both

these forms of solutions enable exact L, estimates ( p >1) to be obtained.

Keywords: - Partial differential equations, essential spectrum, Sobolev spaces, stratified
fluid, internal waves.

1. Introduction

Let us consider a PDE system which describes small displacements of an exponentially
stratified viscous fluid in the gravity field
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together with the PDE system describing the rotational movement of aviscous fluid
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tdivi=0
Here xI Wi R® |, t3 0, G(x,t)=(u,u,,u,) isthevelocity field, p(xt) isthe scalar
field of the dynamic pressure, I (X,t) isthe dynamic density, w = (0,0,W),

& = (0,0,1) ,and r,.,m, g,N,w arepositive constants. The equations (1) are
deduced under the assumption that the function of stationary distribution of density is

performed by I .€ "2 The system (2) describes the rotation over the vertical axis,

W~ U isthe vector productin R* .

The systems (1) and (2) were studied from different angles, some of the results may be
found in[2]- [5].

In [2] we prove that the essential spectrum of normal vibrations for the operators
generated by (2) with =0, is the interval of the red axis [ W,W] , and we also
construct an explicit example of non-uniqueness for the spectral parameter belonging to
the essential spectrum.

In[3] thefollowing result is stated:

Theorem 1.

The solution of a Cauchy problem for (2) has the following asymptotic property : the

velocity field decreases as (}t/)% t® ¥ , wherethedecay of order (}t/)% isdueto

the viscosity and the influence of the Coriolis termis }{ .

In [4], [5], [7] we prove that for the system (1) the distribution of energy is the same.
Namely, from the point of view of t-asymptotics, the effects of gravitation and rotation
are analogousin viscous fluids:
Theorem 2.
Let us consider the system (1) in the semi -space
R :{()<1,x2,x3): (lexz)T R?, %, 0} :

together with the boundary conditions

Suyg Tu,

%3 X3

Then, for certain initial conditions, the solution of (1),(3) hasthe following asynmptotic
representation :

=t o=

0. (3)

X3=0 X3=0
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L et us observe that the mentioned analogy between gravitational and rotational waves
in the dissipation of energy, leads to the corresponding analogy in spectral properties.
Indeed, for the systems (1) and (2) with =0 , the singular solutions have the

following forms, respectively :

l](x,t):

N t[x;]
I

4
E(xt)=—— (Yola)da , and
0

_ 1 o o2, o2
E(x,t)—4p|)?| ?Jo(a)da R =X+

Summing up all these results, it seems appropriate to express the conjecture that the
operators generated by the system (1) should possess spectral properties, analogous to
the system (2) , namely, the essential spectrum of such operators should be the interval
[-N,N] . In this paper we prove that this conjectureistrue.

For system (1) we will construct the explicit form of the solution of the Cauchy problem

inform of singular integrals which will alow usto obtain L, -estimates by means of the

Calderén-Zygmund Theorem.

2. Spectral Problem Formulation

Let us consider the system
Td

) .
- +& g +Np=0

: Tt ;9 p

iqfr NZr.

|—- u; =0 . (4)
i Tt

::: divi=0

i
Differentiating the second equation of (4) with respect tot , we obtain

1920 .20 L
i+ +8N2u, +RP=0
ez , (5)
Ldivii=0
1 9p

where P = - For the system (4), let us consider the boundary value problem

Ui, =0 (6)

where T isthe vector of the external normal for the bounded domain Wi RS,
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Let G(V\/) be the space of potential fieldsin L, (W) :
G, (W) ={uT LW):a=rj ;j T wiw).

Furthermore, let 3(\/\/) be the space of solenoidal fields:
3(\/\0:{(17 CH(W):divii = 0,6, = o}.

0
Finally, let usintroduce the space J, (V\/) asaclosureof J (V\/) inthenormof L, (VV) .
It can be shown ([1]), that L, (M permits the following orthogonal decomposition:
Lz(W) =J, (WA G, W) .
Let P be the operator of the orthogonal projection of L, (M onto JZ(V\I). Now, let us

define the operator B:
Bl = P{u 8}
with the domain D(B) = J,(W) .
Thus, the system (5) transformsinto
1920 2pe
:W +N“Bu =0 . (7)
LGt a,(w)
For the system (7) we consider the problem of normal vibrations
G(x,t) = v(x)e"* : (8)
Therefore, we can finally write the system (7) as
il %-N?BV=0
#\77 3, (W

Our aimisto investigate the spectrum of the operator B . From the physical point of
view, the separation of variables (8) servesasatool to establish the possibility to
represent every non-stationery process described by (4) asalinear superposition of the
normal vibrations. The knowledge of the spectrum of the normal vibrations, its structure
and localization, may be very useful for studying the stability of the flows. Finally, the
spectrum of operator B isimportant in the investigation of weakly non-linear flows, since
the bifurcation points where the small non-linear solutions arise, belong to the spectrum
of linear normal vibrations, i.e., to the spectrum of operator B.

(9)

3. Spectral Problem Solution

Lemma 3. B is a positive self-adjoint operator in JZ(M.

Proof. Evidently, ||BU||L2(W) £ andthus |B|£1. Let d,v1 J,(W) . Then,

" Lo (W)

(Gi BV) = (U' P{Va%}) = (PG’{V3é3}) = (\}‘3V3dx = (BU,V).
w
Since B is bounded, its self-adjointness followsfrom its symmetry. Finaly,

(6, BU) = (s (4] x5 0

w
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which concludes the proof.

Lemma 4. The kernel of B is the subspace H (V\/) which consists of all elements of

J, (VV) with trivial third component.
Proof. Obviously,H , (W)1 Ker(B).
Suppose that (1 Ker(B) and Gi H,(W). Then, we obtain that

(6, BI) = (s (x) =0 , whichimplies Uy = O and thus H ; (W) = Ker (B).
w

Corollary. | =0 is an eigenvalue of infinite multiplicity for B. Its
corresponding eigenvectors compose all the subspace H (
Now, let us consider the same separation of variables for the function P(xt) :
P(xt) =q(e’ *, al Wi(Ww) .
If q(X) isasolution of the system
2, + 0 _
X1

: (10)

i
fg X, x
then q(X) satisfiesthe equation D= - div(N2v,8, ) , whichimplies
div(N 2,8, + Nq) =0.
Thus, the projection operator B obtainsits explicit form as N 2Bv = N 2v3é3 +Nq.
We shall establish now the structure of the spectrum of the operator B.
Theorem 5. The essential spectrum of the operator N”Bistheinterval of the real axis
[- N, N] . Moreover, the points 0,£N are eigenvalues of infinite multiplicity.
Proof. First we recall that the essential spectrum is composed of the points belonging to
the continuous spectrum, limit points of the point spectrum and the eigenval ues of

infinite multiplicity ([8]). We shall use the following criterion which is attributed to Weyl
([8]): A necessary and sufficient condition that areal finite value M be a point of the

essential spectrum of a self-adjoint operator B isthat there exist a sequence of elements
X, | D(B) such that

[, =1, x, ® 0 weskly and
I(B- m)x@ o
Letusdenote | 2 =m, m? O . Then, the system (10) takes the matrix form

(11)
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Em o o N0
¢ Pg+
om0 L0
¢ Tixp 2GV2+_¢0+
¢ 1 Cv.T Co*- (12)
g 0 0 N2?-m ﬂ_gs' +
X3~ Jdg OB
SN R I
ixg Xz fixs P
One can easily see that the main symbol of the differentia operator in (12) is
am 0 0 X 0

¢
¢0 -m 0 Xo+
Lix)= -
&) 0 0 N?-m x,_
X, X, o Xg 0%

1
As detL(x):ng? ”?X|2+N2|X_|Zg’ |x—|2 =x2+x2 | K =x2+x2+x2

we may conclude that the operator N 2B is not elliptic in sense of Douglis-Nirenberg if
andonly if mi |0,N2], see ([6]).

Now, let us consider my 1 (O, N 2) and choose avector X such that

2
- mp N =0, K0
Therefore, thereexisis h = (h,,h,,h,,h,) L h, 1 0, 1£i £4; suchthat

Lixh=0:

i- mhy +xhy =0

';" mh, +x0, =0
]:(' m)+N2)13+x31h4=0
txjhy+x0, +xh5 =0

(13)

Solving (13) withrespectto h , we obtain
i X
ihi==% h, -22
: m m
_|_h :—3, h, =1
f7 m-nz
Weobservethat h; * O, 1£1 £ 4 . Now, let uschoose afunction

y o1 C§ (W), o Sx)px=1.
X1

(14)

3
Wefix X, T W and define y , (x) =k2y o(k(x- x,)) , k=12,.
One can easily seethat
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Xj

Wil ek,
fix

, =C7k?, (15)

bl =1

L(W) L2(W)

where the constants C‘j 1 0 do not depend onk . We define the Weyl sequence
VARSI VRV RV
asfollows:

I iK3<x x> 1 2.
.I.v;‘(x):hje %yk K+ j=123

5
: ik g
}:qk (x)=- %y ) eik3<x,x> . (16)
:i: <X, X >= X X; XX, ¥ XgXg , K=12,...

;

Now we have to verify that the sequence V “ defined above, satisfies the conditions
(11). Notethat aWeyl sequenceis an explicit solution of asystem of partial differential
equations.

For the functions (16), the weak convergenceto zero is evident. Let usintroduce the
matrix differential operator M :

o o o L2
c > =
o o o LI
c %, -
M:g 2 =
¢o o0 N2 <
¢ X3 ©
LI N I

0 =
gﬂ X, s o

Thus, the system (12) can be expressed as(M - 3)V =0 ,where

ad 0 0 0
I_801001
*%% 0 1 07

goooofZj

Let us prove that Iim"f" =0 , where f* =(M - myl)Jv* .

k® ¥

L (W)
We have
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ﬂxl
Kexx> | il <xx> fy Ty« efTbhl
=(-mhy+xh,)y @ -4 1u
(rrbhl ! ) e K3 % exl a
From (13),(14) we have - mh, +x;h, = 0. Therefore,
| £C0nst><k ®0ask® ¥ .

f1 =- rrbV1

Analogously,

‘ITq

fz —'n“sz x
Xy

. kx> 0 ikcaxx> Ty em)hz
=|(- +X.,h Yy I -y
( mh, +X, 4) ke K3 fix, & X2

From (13),(14) it followsthat - mjh, +x,h, =0.Thus,
| £Const><k ®0ask® ¥ .

In the similar way, (— my,+N )1 +x4h, =0 implies
5 y ECONSK? @ 0k ® ¥ .

Anaogously, from <x,h >=0 weobtain Iim”f4
k® ¥

13 .
u

=0
Lo(W)

To verify that the norms "\7 k

are separated from zero, it is sufficient to prove that

2(W)
at least the norms of one component of the field vk are separated from zeroas k ® ¥ .
Let us consider the two summands Vi = vf +v55

K ik<xx > i ﬂy k(X

x) , Vi =h
y k(%) v 1e M
bl

LW ~ ke k¥, |

Tk<x x>
where v =h,;@

~—

Ty Y
%

Evidently, Iim"vk "
y oy |V12

Lo (W)

" =Pl g =hio.

In thisway, we have proved that the sequence (16) satisfies Weyl conditions (11). Since
the essential spectrum is closed, the points m=0, N2, belong to it. Returning to the

ik3<x,x>

However, "vlkl" =lhy @

initial spectral parameter | , we obtain that the essential spectrum of the operator N 2B
istheinterval [- N, N].

We have seen that | =0isan eigenvalue of infinite multiplicity . The same statement
holdsfor the points | =£N .

Indeed, for | =N thesystem (10) transformsinto
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N2y, + "%Xl =0
I N®v, +ﬂ%xz =0
i
: 1%’% =0
It can be easily seen that any function of the type (0,0,j (xl,xz),o) T Cé‘ , satisfies

the last system.
Thus, theorem 5 is proved.

i

4. Construction of solutionsfor the Cauchy problem

We consider a system of equations of the form
M + E =0
It %

+g +—=0 (17)

it g
:::M+M+M:O
P e Tixg
in the domain {xi Rt>0}, where ¥(x,t) is avelocity field with components
vl(x,t), vz(x,t), v3(x,t), p(x,t) isthe scalar field of the dynamic pressure, r(x,t) is
the dynamic density and r . g, N are positive constants.
Let us consider first the Cauchy problem for (17) :
Voo =9°(%)
o =0
Differentiating the fourth equation of (17) with respectto t , we obtain
%, dip s s
Ilﬂt—2+NP+%N2v3:0 | (19)
Ldiv(v)=0
19
r. t

(18)

where & =(0,01) , P=
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If we denote by P the operator of the orthogonal projection of LZ(R3) onto J, (R3),
then we can define the following operator A :
AV = Plv;,} (20)
with the domain D(A) = J, R®).
Since ||AV|| £ [¥]| . the norm of the operator A isnot greater than unity. Thus, the
equation

25 _
Y Y
d_+ AV=0 |, \7|t_0 =v0 | d =v,° (21)
dt 2 h dt t=0
7°
has the solution v=v° cosANt+ﬁsin ANt =
2,2 4.4
_g0. N7 o0 (NU ago
2 4 (22)
TeNt o N33 5 o N%° o o U
A= AV, - A% + ASG° - g
Ngl 5 g
Thetwo seriesin ( 22) converge uniformly with respect tot , since the n-th term satisfies
- L ng || el N"t" ool e (NO" oo 0 =0
the inequalities "A v0||£||v0|| e A ET"V ” either for v° , or for v, .

Obviously, the series of the second derivatives of (22) converges uniformly with respect
to t andtheinitial conditions (21) are satisfied. In thisway, the series (22) represent the
solution of the Cauchy problem. It is easy to see that the problem iswell-posed. In fact,
let us verify the continuous dependence of the solution with respect to theinitial data.

Let "\70 -0 <e .

~0 -
<e , ”v1 -

0 0
o VAl L Vp .
For the vectors v =v° cosANt+ﬁsm ANt and V. =W° cosANt+W1ksm ANt

we will have
14
£ mmgi,—ﬂkosANt(vO 3 \7*01
e N

Cauchy problemiswell-posed.
Now we shall construct the explicit form of the solution of the Cauchy problem for (17).
For system (17) we consider theinitial conditions (18) and the additional conditions of
the absence of the rotational component in (x1 xz)

V- v +[sin ANt - \719])<CeN‘e . Thus, the

0 0
v Ve =0 , (23)
™ X
together with the natural condition
difr®)=0 . (24)

So that we shall be dealing with convergent integrals, we assume that the initial data
have, for example, continuous second derivatives and decrease sufficiently rapidly at
infinity together with their derivatives up to the second order. Using the Fourier
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transform with respect to x , the Laplace transform with respect to t and the conditions
(23), (24), we obtain the solution of our problemin the form

i )=— L SR IR )

g e W)’p ENOT

3
[¢]

where x =(x;.xo,xs) . X7 =@x? . k¢ = ax,f . After an inverse Laplace
= k=1

transform we obtain the solution in the form

$,0)= 506 cos Yt () =0260 L s B8t B 1)= a2 6) 2o snFe

| okt K| x ‘HXI K
We now find the inverse Fourier transform of the required solution. Wefirst obtain the
solution in the form of integrals with weak singularities of the kernels. For thiswe seek a
vector \7(x,t) expressed in terms of the Laplace operator and afunction p(x, t)
expressed in terms of the first derivatives of theinitial data. Aswe seefrom (25), itis
sufficient to calculate only two kernels

K¢

K,(x- y,t)= G' kx-y) —cos—tdx , (26)
-¥
¥

(20 )3 |x| ]

1 N
Ky(x- y,t)= G'(” ) tax . (27)
() 5 |X¢|X| "N
Wenotethat K, istheprimitiveof K, withrespectto t ,anditis therefore
sufficient to calculate only one of these integrals.

Anintegral of type (27) iscalculated in [11] by means of Sonine’s formulas for Bessel
functions and is given by

1\ &1
K -y t)=—— t-t)Joc—=dt 28
z(XY)4pr?]( Nog—= (28)
3
where 1 2=(xg- y3)2 . 12=8 (% - vi)? .and J, isthe Bessel function of
k=1

order zero. Therefore

11 &t AFto
Ki{x- y,t)=——=Jgc—+- —— t-t)J —:dt. 29
(6 yit) =4+ Jog 0]1( Pofrt . (29)
If we now use (28) and (29), the solution of the Cauchy problem for the system (3) can be
written in theform

¥(xt)= digf DV (V)KL (x- vty (20)
R3
\\\i‘ﬂvg P
P(xt)= ooy —=K.(x- y.,thdy - 31
(xt) ?ﬂﬂys o(x-y ).gdy (31)
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These are basic formulas defining our solution with weak singularities of the kernels. To
obtain the limit exact estimatesin L, -norms for the solution of the Cauchy problemitis

helpful to rewrite these formulasin another form with strong singularities of the kernels.

In (30) and (31) we integrate by partsin order that the solution should be expressed in
terms of the initial functions rather than their derivatives. Thisis easily done in formula
(31) for p(x,t) , because after one integration by parts the kernelswill still have an

integrable singularity. In (30), however, after the second integration by parts we shall
have a strong (locally non-integrable€) singularity.
We remove from our spacetheball K, of radius e with boundary S, and center at

(xl, X5, x3) and denote the rest of the domain by W, . The component v, (x, t) of
V(x,t) is given by

&ty 1 ato, U
xt -Lla—aﬁ Dv, )e—Jo(;——-—Oll(t t)J0 édt édy:
t

o 0
= lim —— cop éag_ao?f_@- é]l(t— t )Dgér—LJogg—tggdt édy+

e®04p er og el gy
+|imiaﬂ ) gL Ollt t 301 % Gas,
e®04p g‘ﬂngr er gy 0 ‘ﬂngr er gy H

wherenisthe normal to thesurface S, whichisinterior with respectto W, .
We calculate the principal value of the integral over the surface of the sphere and
denoteit by | . We notethat on the surface of the sphere
gl Ey
flngr "ér gy r2 "érg
We transform to spherical coordinates on the surface of the sphere of radiuse:
Vi - X, =ecos sing
Yo - X, =esnj sing
Y3 - X3 =€Cc0sq

ds=e?sinqdqdj

so that
=L limv® ( )“giJ @Lo. 9‘ | (t- )i & oy Q‘J:st:
4p e®0 * g)grz 08 ggooj 2 grb%
V2 2 6
X) (o (tcos Jsing - €Yt - t)3oft cosa)et Zsing g = (X)F (t)
5 €0 g 0
where

t

()=%Oloaq>dh oal(t E ol )dh W (@)

e
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On carrying out exactly similar arguments for the other components of \7(X, t) and
P(X, t) , we obtain formulas for the solution of the Cauchy problem for system (19) in the
form

V(x,t) =vO (x)F (t)+
Lol - (33)

NN\ 1 N
= Vpagy°ly )QDE—JOQ— +0]1t th— 09_‘_dt dy
0

S

4p er

wheretheintegralsare taken in the principal value sense over the sphere, and the
function F (t) isgiven by (32).
For P(x, t) we obtain

P t)=—L g(y)l!-—o:0<t Dty . (o
b

where the kernels have integrable singularities.
In what follows we shall show that the function \7(x,t) defined by (33) isaunique

solution of the Cauchy problem and that p(x, t) is defined by (34) towithin aterm
depending on t (sincetheinitial Cauchy datafor it were not given).

5. Lp- estimates for a solution of the Cauchy problem

To obtain L, -estimates for asolution of the Cauchy problem we shall show that

kernels which are used in writing out the solution and its derivatives satisfy the
conditions of the Calder6n-Zygmund Theorem. We write (33) in the form of convolution:

o(x1)=9°(F ()+ 5 * G (%)
where

70 g = ay° (Y)elk - vty (36)

Glx,t)=G(x,t)- le(t -t )o(xt pt (37)

wheretheinfinite triple integrals are taken in the sense of principal value, and from (33),

after the corresponding differentiation, we obtain
1 €2(x2 + x to, teg  ro et
G(xt)—EeMJogg—& e Jg?;g_dj. ()

ro Erg r3&r T g er g

Itiseasy to seethat G isinfinitely differentiable function of t (asingularity in the space
x:(xl,xz,x3) does not increase on differentiation with respect to t ).

We examine the properties of thekernel G forany finitet : OEtET <¥ .
1 G isahomogeneous function of x of degree-3 . The proof is obvious on

nothing that Bessel functions of the argument r% are homogeneous functions of

degree zero.
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V\'( ) , Where

2 G may be put intheform G(x t)

t
Wx,t)=Wxt)- ¢pa(t- tWxt it
0
A2 (2 2 .. 2
t):i‘?t (xl:ng\]ogsr_t&rt!r +r ) &(a;ar_tgﬂ
g r el o re

el g
3 Theintegrals of \Mx,t) over the unit sphere are zero.

For, transforming to polar coordinates on the unit sphere and using the change of
variables cosq=z,we obtain

@\Vds= 2p (ﬂt (Xl +X2)Jo(”)+ter +—uJ§(r t)gds—

r=1 r—lI

F ( cosa)

= (yt?sin®q J,(t cosy) +tsin 0 +
00 aq Jo q qg S

o¢(tCOSQ)£V)dq =
= atzﬁ— ZZ)JO(tz)+t§z+%§Jo¢(tz)gdz=
ol

- k- 2 holekiz- 57+ 2 Bole) ¢ 2o (e
= (‘)]o(tZ)(- 2t222)d2- (‘)2(1+ zz)Jo2 (tz)dz . (39)

In (26) we used the Bessel equation J@{y) + B;EY) +Jo(y) =0. Integrating by parts and

using the Bessel equation for thefirstintegral i |n (39), weobtain
1
O’?t 2723, (tzz = 202 223 fltz)iz + 202J&(tz)jz 238(t)- 2(yzad(tzhz.
0
For the second integral in (39), weintegrate by parts and obtain
1

62@+ 22)]02 (tz)dZ: ZU&(t)- ZGZJ&(tZ)dZ .

Finally, summing up the two last results, we have (jVds=0.

r=1
Thus the conditions of the Calderdn-Zygmund Theorem [12] are satisfied, and we
therefore have the following estimate for the vector \7(x, t) inthe L,-norm, 1< p<¥ ,

inthelayer E; ={- ¥ <X <+¥, OEtET} (and al'so on each cross-section t =const

):
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. ) STy (40)

where C dependsonly on p and T . We observethat, in differentiation with respect to
t , theproperties 1), 2) and 3) for the kernel G in (35)-(38) are preserved. In thisway, for
any derivative with respect to t we shall have

"Dtk\7 Lp(El) EC(p,T)||\70||Lp(R3) ' (41)

We denote the Ith order derivative with respect to X, X,, X; by D)'( , that is,

[
D, = [ ﬂl L
TIx{ %" X3
The convolution (36) then possess the property
D! (V0% GJxe = (DL¥°* G . (42)

Thus, on account of (41), (42) we have the following expression for the derivatives of
V(xt) :
Df D(x,t) = DO ()DXF (t) + (DLv°* DKG)s . (43)
Bearing in mind (43) and the property of the kernel (29), we have the following estimate
for the derivatives of V(x,t) :

kn! o
|ofoiw L) £¢(p,T)
It remainsto find an estimate for P(x,t) .Wecalculate NP for the system (19). We

cannot differentiate (34) directly with respect to x;, since the kernels in the integrand

would then have alocally non-integrable singularity. In (34) we perform the substitution
y- X=X, dy=dx :

0 Y (44)

t
_ 1 \\\ () ﬂK __l \ _ 66_ O
P(X’t)—gms(x““x)ﬂngx’ K(xt)= rO]O(t t)Jogrtht

0

(henceforth we shall sometimes omit the argument g / g in Bessel functions).

Asin calculation of \7(x, t) , we remove the singular point in the space R® by the ball of
radius eand with boundary S, . We denote the rest of the domain by W, . Weintegrate
by parts, calculating each component of Np separately.

We have
0
TP _ Iimi s fvs K dx =
ix, ee04p X1 X3
1w %K 1 oy TK
=- lim— 9 dy- lim — ——cogn, y, Jds =
i QY30 — v lim 2 @ )3y ol v
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and, analogously,

For the third component of grad p we have

P _ 1 o) TPK
= im— T gy-
b~ My @O
2 2 Y
(),,mOJ( )“e(ys xs)? _(r S RO RN
s € ' G
Thelastllne|n(45)maybewnttenas
- v§(x)M() where
M(t)= Olo(t t) dAz -1)J tz)dzudt
&
Thusit is possibleto write % asthe corresponding convolutions :
P
11_.[[_)(1:(V§*K13)R3
P
:[ITZZQIg*KZS)Rﬁ (46)
P M i)e - 0mE)
X3
where
t
Kia = Yolt - t Wis(xt )t
0
~ 2 el @
W, —J,C—t ==
O R FAT il Tl
RN U R R I CRa I
g r r b
A.Giniatoulline

(45)



Wg(x t ):ig' 3X52X3 J - th(3X§ - ixf - 2X22)3&+ X Xt (xl +X2)J81hu |
4p e r r g
. o
TR (R R N8 ) I R
4p 8 r r r H

It can be proved that the kernelsin (46) satisfy all the conditions 1)-3) of the Calderén-
Zygmund Theorem. Conditions 1) and 2) are obvious. Let us verify condition 3), that is,

that the integrals of all W, ; over the unit sphere are zero. For,
@/\/13(15 =0 , @\/23(15 =0 ,
=1 =1
since the kernelsin question are odd with respect to x; or X, . We prove that
(@)Vs:ds=0
=1
Using once again the previous change of variables, we have

/E(gn g - 2cos q)l t COSQ) gsquq—

Og-t 2dn qJ&([ cosq)+5t cosq sin? q Jgi(t cosq)g

dl 3z )] tz)- 2(1- ZZ)ZJSI(tz)+az(L- zz)lgi(tz)dz. (47)

Integrati ng by partsin the middle termin (47), we obtain

1 1
- (‘52(1- 22)2J§([z)odz=-462(1- zz)Jg(tz)dz.
0 0

Thus, theintegral in (47) transformsinto

ldl- 322)Jo(tz)- tz(l- zz)J(g:([z)dz

Integrating by parts, we have
1 1
dl - 322)J0(tz)dz = (‘)tz(l- zz)Jg:(tz)dz
0 0

and, finally, the condition ®7V33ds: 0 isverified. Thus, on the basis of the
r=1
Calderén-Zygmund Theorem, inthe layer Ej ={- ¥<x;<+¥, O£t £T} (and also
on each cross-section t =const ) we have the following estimate :
NPl (e £C D, T)|| || (48)

@Nsad =

forl<p<¥ .

It is easy to see that the convolutionsin (46) have properties anal ogous to (42), (43).
Asaresult we have
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"DtkD'XNP (49)

Lo(eD) £ C(p'TmDLVOHLp(R’*) '

If we denote by Wg,fg"x (EI ) the Sobolev space of functionshaving k derivatives

with respectto t and | derivativeswith respect to x which are pth power summable,
then we have proved the following theorem.
Theorem 6.

If theinitial data satisfy v°(x)T W, (RS) and if V(x,t) , P(x,t) isasolution of the

problem (19),(23),(24) for which the norms given below are finite, then the following
estimates will hold :

g () ECPTI ] ) -+ (5O

1Pl () £ CoPTI gy - (5D

where the constants C; (p,T) depend onlyon p and, ingeneral,on T (where
O£tET<¥ ),kand .

6. Conclusions

The importance of construction of a Weyl sequence for such problemsis that, due to
thelast condition of (11), aWeyl sequenceis“amost” asolution of asystem of partial
differential equations. And, for ? belonging to the essential spectrum of B, the Wey!|
sequence represent explicit examples of non-uniqueness of the solutions, due to the
arbitrarity of the function? .

Aswe have seen, the solutions of the considered problems are closely related to the
function

1 0_1
:—Jogar—tQ:—Jo(tcosq).
r el g r

L et us discuss the conduct of the functionV as afunction of t . We consider a sphere of
aconstant radius. On the sphere, for every t, the functionV depends only on the polar
angle ?. The argument of the Bessel function on the sphere changes from O tot . With t
growing, we will have more and more waves generated by maxima and minimaof the
Bessel function, all of them situated between the pole and the equator of the sphere. The
waves will appear on the pole and then will move towards the equator, accumulating but
not disappearing. Thus large waves will generate more and more short ones.
Theremarkable analogy of gravitational and rotational waves discussed above could
serve as an exampl e of how mathematical description of physical forces of different
origin may help usto understand the unity of the Nature’ s manifestations.
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